Abstract. In [7] , a class of associative algebras called cyclotomic Temperley-Lieb algebras over a commutative ring was introduced. In this note, we provide a necessary and sufficient condition for a cyclotomic Temperley-Lieb algebra to be semi-simple.
Introduction
The Temperley-Lieb algebras were first introduced in [9] in order to study the single bond transfer matrices for the Ising model and for the Potts model. Jones [4] defined a trace function on a Temperley-Lieb algebra so that he could construct Jones polynomial of a link when the trace is non-degenerate. It is known that the trace is non-degenerate if the Temperley-Lieb algebra is semi-simple. So it is an interesting question to provide a criterium for a TemperleyLieb algebra to be semi-simple. In [10, §5] , Westbury computed explicitly the determinants of Gram matrices associated to all "cell modules" via Tchebychev polynomials. This implies that a Temperley-Lieb algebra is semi-simple if and only if such polynomials do not take values zero for the paprameters.
As a generalization of a Temperley-Lieb algebra, the cyclotomic Temperley-Lieb algebra T L m,n (δ) of type G(m, 1, n) was introduced in [7] . It is proved in [7] that T L m,n (δ) is a cellular algebra in the sense of [2] . Thus T L m,n (δ) is semi-simple if and only if all of its "cell modules" are pairwise non-isomorphic irreducible. In order to describe a cell module to be irreducible, Rui and Xi computed the determinants of Gram matrices of certain cell modules [7, 8.1] . In general, it is hard to compute the determinants for all cell modules.
In this note, we shall consider the semi-simplicity of cyclotomic Temperley-Lieb algebras, this is an analog question considered in [8] (see [1] for the case m = 1). Following [5] , we study two functors F and G between certain categories in section 3. Via these functors and [7, 8 .1], we can show Theorem 4.6, the main result of this paper, which says that the semi-simplicity of a cyclotomic Temperley-Lieb algebra can be determined by generalized Tchebychev polynomials and the parametersδ i , 1 ≤ i ≤ m. Rui and Yu are supported in part by NSFC(no.10271014) and EYTP. Xi is supported in part by a China-UK joint project of the Royal Society, UK.
Cyclotomic Temperley-Lieb algebras
In this section, we recall some of results on the cyclotomic Temperley-Lieb algebras in [7] .
Throughout the paper, we fix two natural numbers m and n.
Temperley-Lieb diagram with 2n vertices and n arcs. Each arc is labelled by an element in Z m = Z/mZ, which will be considered as the number of dots on it. The following are two special labelled TL-diagrams.
An arc in a labelled TL-diagram D is horizontal if both of its endpoints are in the same row of D. Otherwise, it is vertical. A dot will be replaced by m − 1 dots if it moves from one endpoint of a horizontal arc to another. A dot in a vertical arc can move freely from one endpoint to another.
Given a horizontal arc {i, j} of D with i < j. We say i (resp. j) the left (resp. right) endpoint of the arc. For a horizontal (resp. vertical) arc, we always assume that the dots on this arc concentrate on the left endpoint (resp. the endpoint on the top row of the labelled TL-diagram
D).
Suppose an arc l 1 joins another arc l 2 with a common endpoint j. A dot can move from l 1 to l 2 . We always assume that a dot on the endpoint j ∈ l 1 can be replaced by a dot on j ∈ l 2 . 
It was shown in [7] that T L m,n (δ) can be defined by generators and relations. For the details we refer to [7, 2.1] .
In the remaining part of this section, we recall some results on the representations of T L m,n (δ).
First, we give the notion of a cellular algebra in [2] , which depends on the existence of certain basis. There is also a basis-free definition of cellular algebras, for this we refer to [6] . 
where r belongs to A <λ consisting of all R-linear combination of basis elements with upper index µ strictly smaller than λ, and the coefficients r a (U, S) ∈ R do not depend on T .
For each λ ∈ I, one can define a cell module ∆(λ) and a symmetric, associative bilinear form
As an R-module, ∆(λ) has an R-basis {C λ S | S ∈ M (λ)}, the module structure is given by
The bilinear form Φ λ is defined by
where U and V are arbitrary elements in M (λ).
. We will need the following result next section.
From now on, we assume that R is a splitting field of x m −1.
The cell module for i ∈ Λ(m, n) with respect to the above cellular basis will be denoted by
An (n, k)-labelled parenthesis graph is a graph consisting of n vertices {1, 2, ..., n} and k horizontal arcs (hence 2k n and there are n − 2k free vertices which do not belong to any arc) such that (1) there are at most m − 1 dots on each arc, (2) there are no arcs {i, j} and {q, l} satisfying i < q < j < l (3) there is no arc {i, j} and free vertex q such that i < q < j.
Let P (n, k) be the set of all (n, k)-labelled parenthesis graphs. A labelled TL-diagram D with k horizontal arcs can be determined by a triple pair (
(see [7, §5] ) and vice versa. Such a D will be denoted by
In this case, we define
Let ∆(k, i) be the cell module with respect to the cellular basis given in Proposition 2.5. Then
where V (n, k) is the free R-module generated by P (n, k) and v 0 is a fix element in P (n, k). The following theorem is known as branching rule for the cell module ∆(k, i).
Then there is a short exact sequence
Proof. It is proved in [7, 7.1 
Since chR m, R t n−2k+1 is semi-simple. Therefore, R t n−2k+1 ∼ = ⊕ m j=1 ∆(j), where ∆(j) is the cell module of R t n−2k+1 with respect to the cellular basis given in Lemma 2.4 (the case m = 1). By direct computation, we have
By (2.2), we have (2.3).
As G m,n -module, ∆(0, i) ∼ = ∆(i). Note that a cellular algebra is semi-simple if and only if all of its cell modules are pairwise non-isomorphic irreducible [2] . Therefore, that T L m,n (δ) is semi-simple implies all ∆(i) are pairwise non-isomorphic irreducible. So, G m,n is semi-simple which is equivalent to the fact chR m. Moreover,
In the sub-sequel, we assume chR m, u i = ξ i , 1 ≤ i ≤ m where ξ is a primitive m-th root of unity. The reason is that the semi-simplicity of G m,n is necessary for T L m,n (δ) to be semi-simple.
For the latter use, we need another construction of the cell modules as follows. Let J ≥k m,n (resp. J >k m,n ) be the free R-submodule of T L m,n generated by labelled TL-diagrams with l horizontal
In the following we give an example to illustrate the action.
• (3) By the construction of cell modules, we have
Restriction and induction
In this section, we assume that there is at least one non-zero parameter, say δ i . Otherwisē Now we may use the idempotent e to define two functors F and G as follows.
Proof. 
Therefore, α is injective. By (3.1) and (2.2),
This completes the proof of the first isomorphism given in (c). The second isomorphism can be proved similarly.
Definition 3.4. For any T L m,n (δ)-modules M and N , define
Proof. " ⇐" follows from Proposition 3.3(a) and (c) by applying G repeatedly.
Otherwise, we have eW = 0. Let v i = top(E i ) = bot(E i ). Then
So, E 1 W = 0 which implies EW = 0 with E = E 1 E 3 · · · E 2k 0 −1 . On the other hand, Let
, Lemma 2.3 shows EU 0 = 0. We
the multiplicity of L(k 0 , i) is greater than 2, a contradiction.
which contradicts to the fact eW = 0. This completes the proof of (3.2). If eW = 0, then F (ϕ) = 0. Now, the result follows from induction and (3.2). We give two examples to illustrate the above definition. 
Using Frobenius reciprocity, we get (a).
Hence there is a
Semi-simplicity of the cyclotomic Temperley-Lieb algebras
In this section, we shall give the necessary and sufficient conditions on the semi-simplicity of T L m,n (δ). The key is [7, 8.1] . First, let us recall some of results in [7] .
Let u i = ξ i where ξ is a primitive m-th root of unity. 
Following [7] , we partition i = (i 1 , i 
We call P n (x 1 , x 2 , · · · , x n ) the n-th generalized Tchebychev polynomial. The following result was proved in [7, §8] . 
and v 0 is a fixed element in P (n, 1). Since
for some elements φ (n,1)
Therefore, for all i, s, we have 1≤j≤n−1 0≤t≤m−1 φ
Since ϕ(v) = 0, there is at least one of a i,t = 0, which implies det Ψ j (n, 1) = 0. 
Proof. It is proved in [7] that T L m,n (δ) is a cellular algebra. Note that a cellular algebra is semisimple if and only if all of its cell modules are pairwise non-isomorphic irreducible (see [2] ). So, 
Suppose k 1 > k 2 . Using Proposition 3.5, we can assume j ∈ Λ(m, l), l = n − 2k 2 . Let δ i p,1 ,δ i p,2 , . ..,δ i p,j p ) must be a factor of det Ψ i 0 (n, 1) and hence det Ψ i 0 (n, 1) = 0, a contradiction.
Remark. The reason we assume m ≥ 2 is that we need the fact that i l−2 and a cannot be in the same part. When m = 1, we cannot use the above argument. However, one can get a necessary and sufficient condition for T L n,1 to be semi-simple [10, §5] .
Together with [7, 8.1] and Proposition 4.5, we have the main result of this paper as follows.
Note that Theorem 4.6 is not true if m = 1. 
Remark. When m = 1, Λ(m, n) contains only one element (1, 1, · · · , 1) which can be partitioned into one part. In this case, Corollary 4.7 is Westbury's Theorem given in [10, §5] .
